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Abstract. Let <3? £ Aut(i<jv) be an atoroidal iwip automorphism of a free 
group fjV) N > 3 and let M$ = i*jv (t) be the mapping torus group 
of <t>. The group M$ is Gromov- hyperbolic and it follows from the work of 
Mitra that the inclusion t : Fjv — > M$ extends to a continuous surjective map 
T : dFpj —> dMq> , called the Cannon- Thurston map. We study the fibers of 
the map T. 

We prove that for any <I> as above, the map T is finite-to-one and that the 
preimage of every point of has cardinality < 27V. 

We also prove that every point S £ with > 3 preimages in 8Fn is 

rational and has the form (xt m ) rx where x € Fpf,m 7^ 0, and that there are 
at most AN — 5 Fjy-orbits of such points in 8M$ (for the translation action of 
F N on 9M$). 

We show that, by contrast, for k = 1, 2 there are uncountably many points 
S £ with exactly k preimages in 8Fff. 



1. Introduction 

Recall that if G is a word-hyperbolic group, it possesses a canonical (in the topo- 
logical sense) hyperbolic compactification G = G U dG, where dG is the hyperbolic 
boundary of G. The action of G on itself by left translation extends to a left action 
of G on dG by homcomorphisms. We refer the reader to for the background 

information on the boundaries of hyperbolic groups. 

The notion of a Cannon-Thurston map goes back to the 1984 preprint of Cannon 
and Thurston that was eventually published in 2007 [12.. They consider a closed 
hyperbolic 3-manifold M fibering over a circle with the fiber being a closed hyper- 
bolic surface S. Then the inclusion S C M lifts to the map between their universal 
covers i : M 2 H 3 , where H 2 = S and H 3 = M. Cannon and Thurston prove 
in |12) that the map i extends to a continuous m (S')-equivariant map between the 
hyperbolic boundaries t : S 1 — > § 2 , where S 1 = <9H 2 and S 2 = <9H 3 . The map 
1 is necessarily surjective, and so, being a continuous map from the circle to the 
two-sphere, it gives a space-filling curve. Moreover, the map T is finite-to-one, and 
the full preimage of every point of S 2 has cardinality at most Ag — 2, where g is the 
genus of the fiber S. In group-theoretic terms, in this example we have an inclusion 
H < G, where H — tt\{S) are G = ni(M) both word-hyperbolic, and the Cannon- 
Thurston theorem says that this inclusion extends to a continuous iJ-equivariant 
map between their hyperbolic boundaries dH rj S 1 and dG ~ § 2 . This fact led to 
the following definition (see Definition 15.11 below for a more precise statement): 
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If G is a word-hyperbolic group and H < G be a word-hyperbolic subgroup, 
and if the inclusion i : H — > G extends to a continuous map t : dH —> dG, the 
map T is called the Cannon- Thurston map. In particular, if the Cannon-Thurston 
map t : dH — > dG exists, then for any sequence h n £ H U dH converging to some 
X e dH in the topology of H U dH, we have linin^oo h n = T(X) in G U dG. 

Analogs and relatives of the Cannon- Thurston map have also been investigated 
in other contexts arising in the study of hyperbolic 3-manifolds and mapping class 
groups (e.g. see [TUl [371 |M1 IH IS [SO]), of relatively hyperbolic groups [21 [H 

[551 [SI] , and of the dynamics of complex polynomials (e.g. see [301 FPU 14*31 [55] ). 

As explained in Remark 15.21 the definition of T implies that if H < G are hy- 
perbolic groups and the Cannon- Thurston map T exists then T(dH) is equal to the 
limit set AH of H in dG, that is, the set of all points in dG that are limits (in 
G = G U dG) of sequences of elements of H. It is well-known that if H < G is 
a quasiconvex (i.e. quasi-isometrically embedded) subgroup of a word-hyperbolic 
group G then H is word-hyperbolic and the inclusion H < G extends to a contin- 
uous topological embedding dH — » dG. Thus in this case the Cannon-Thurston 
map exists and, moreover, is injective. 

Surprisingly, it turns out that the Cannon-Thurston map exists in many sit- 
uations where H < G is not quasiconvex, as shown by the work of Mitra in 
1990s 0611471 [481 [49]. 

In particular, a result of Mitra [UJ states that whenever 

(4) 1 -> H G ->• Q -> 1 

is a short exact sequence of word- hyperbolic groups, then the inclusion H < G 
extends to a continuous Cannon-Thurston map t : dH — > dG. It is well-known [T] 
that in this situation if H and Q are infinite then H < G is not quasiconvex. 
Also, if H in (^) is infinite then the limit set of H in dG is equal to dG [35] and 
therefore the map t : — > dG is onto (see Remark 15.31 below) . This result of 
Mitra generalizes the original theorem of Cannon and Thurston mentioned above 
since in that context one has a short exact sequence 1 — > tti(S) —> iri(M) — >• Z — > 1. 

Until recently it has been unknown if there are any inclusions H < G (with H 
and G word- hyperbolic) where the Cannon-Thurston map does not exist [HI [31] . 
A surprising new result of Baker and Riley [2] constructs the first example of such 
an inclusion (with H = F% ) where the Cannon- Thurston map does not exist. Their 
results were subsequently further extended by Matsuda and Oguni [41] . 

The result of Mitra, mentioned above, applies, in particular, to word-hyperbolic 
free- by-cyclic groups. Recall that if $ 6 Aut(Fjv) is an automorphism of Fjv, then 
the mapping torus group of $ is 

M<& =F N X* (t) = (F N ,t\thr x = §{h),h e F N ). 

An automorphism $ of Fn is called hyperbolic if the group M$ is word- hyperbolic. 
It follows from the Bestvina-Feighn Combination Theorem [4] and a result of 
Brinkmann [11] that $ € Out (.Fat) is hyperbolic if and only if > 3 and $ is 
atoroidal, that is, does not have any nontrivial periodic conjugacy classes in Fn 
(which is also equivalent to the condition that M$ does not contain any Z x Z- 
subgroups). An element tp £ Out (-Fat) is called hyperbolic if some (equivalently, 
any) representative $ G Aut(Fjy) of <p is hyperbolic. Note that replacing t by 
t\ = ut in the presentation of M$ above, where u S Fn is arbitrary, rewrites the 
relation tht^ 1 = $(/i) into t\ht = m$(/i)w _1 . Thus M$ and the inclusion Fm < -M$ 
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depend only on the outer automorphism class tp of $. So, if $ G Aut(F/v) is a hy- 
perbolic automorphism then we have a short exact sequence 

1 ->• ->• M$ ->■ (t) ->■ 1 

of three word-hyperbolic groups, and hence, by Mitra's theorem, there does exist 
a continuous JV-equivariant Cannon-Thurston map T : <9-F/v - >■ <9A/$ . In this case 
for a point 5 G <9M$ let the degree of S, denoted deg(5), be the cardinality of the 
set (T)^ 1 (S). Since Tis surjective, for every S € 8Fn we have deg(S') > 1. 

By now the properties of the Cannon- Thurston map in the original context of [T^] 
of a closed hyperbolic 3-manifold fibering over a circle are very well understood. 
By contrast, apart from its existence, little has been known about the specific 
properties of the Cannon-Thurston map for mapping torus groups of hyperbolic 
automorphisms of free groups. The most typical type of hyperbolic automorphisms 
of free groups are so-called iwip or "fully irreducible" hyperbolic automorphisms. 
Recall that an element tp G Out (Fat) is said to be irreducible with irreducible powers 
(iwip, for short), or fully irreducible if no positive power of tp preserves the conjugacy 
class of a proper free factor of Fn . Bestvina and Handel proved [3] that if an iwip 
ip G Out(F/v) fails to be atoroidal (i.e., in view of the above discussion, fails to be 
hyperbolic) then ip is induced by a homeomorphism of a compact connected surface 
with a single boundary component. Thus, for N > 3, "most" iwips are atoroidal. 
By contrast, it is easy to see that for TV = 2 there are no atoroidal elements in 
Out(i<2). Moreover, in a sense made precise by Rivin [54] . for N > 3 a "random" 
element of Out(Fpf) is a hyperbolic iwip. 

We can now state the first result of this paper: 

Theorem A. Let N > 3 and let <p G OvMJPn) be a hyperbolic iwip. Let $ G 
Aut^Fjsr) be a representative of tp and let M$ — Fn x$ Z be the mapping torus 
group o/$. LetT: 8Fn —> dM§ be the Cannon- Thurston map. 
Then for every S G <9Af$ we have deg(S') < 2N. 

Moreover, as we note in Remark 17.21 the 2N bound in Theorem [A] is sharp, 
that is, there exist ip, $ as in Theorem [5] such that for some S G <9M$ we have 
deg(S) = 2N. 

In |46j Mitra gave a description of the fibers of the Cannon-Thurston map T : 
dH — » dG for any short exact sequence (♦) of three hyperbolic groups 1 — > H — > 
G — > Q — >• 1. This description is given in terms of "ending laminations" A z , z G dQ, 
where A z C d 2 H = {(X,Y) G dH x dH : X ^ Y}. Given a hyperbolic iwip 
p G Out(Fjy), there are several naturally associated to tp "laminations" C 9 2 Fjy 
that arose in the study of Out(Fjv); see Section [3l The laminations LBFuip^ 1 ) Q 
8 2 Fn were introduced by Bestvina, Feighn and Handel in and are defined in 
terms of train tracks representing tp. The laminations L(T±(tp)) of the the trees 
T±(<p) G cvjv of tp are special cases of the general notion of a "dual" or "zero" 
lamination L(T) for T G cvat introduced in |T7]. Here [T± (tp)} G CVn are the 
attracting/repelling fixed points for the (right) action of tp on the compactificd 
Outer space CVn- In our earlier work |35j we showed that for a hyperbolic iwip 
p G Out(i<Ar) we have L(T_(tp)) = dia,g(L bfh(<p)), the "diagonal extension" of 
L>bfh(<p)- See Section [3] below for precise definition of diagonal extension. The 
first step in the proof of Theorem \K\ is establishing, using our results from [35] . 
Proposition 16.41 This proposition relates Mitra's "ending laminations" , for the 
short exact sequence corresponding to the mapping torus group of a hyperbolic iwip 
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(p £ Out(FAr), to the laminations L(T±(ip)). Then, by Mitra's results from [46], 
Proposition 16.41 implies Corollary 16.51 which states that for the Cannon-Thurston 
map T: BFm — > <9M$ and for distinct X, Y £ dF^ we have T(X) = i(Y) if and only 
if (X,Y) £ L(T^(ip))UL(T + (tp)). Corollary |63] is a key fact for our analysis of the 
fibers of the Cannon-Thurston map. 

We then use a description, due to Coulbois, Hilion and Lustig in [17], of the dual 
lamination L(T), where T £ cv/v is a tree with dense .F/v-orbits (e.g. T — T±(ip)) 
in terms of the so-called Q-map. We combine this description of L(T± (ip)) with the 
results of the "index" theory for points in cv/v and elements of Out(-Fjv), particularly 
the known bounds for the Q-index of T±((p), to derive the conclusion of TheoremlA"! 

After the proof of Theorem [A] we undertake a more detailed study of the fibers 
of the Cannon-Thurston map. We say that S £ 9M$ is regular if deg(S') = 1, 
that S is singular if deg(S') > 3 and that S is semi-singular if deg(S') = 2. It is 
straightforward to show that deg(S') = deg(gS) for any S £ dAl<s> and g £ M$. The 
group G = M$ acts on <9Af$ by translations, and hence so thus Fff < M$. When 
referring to G-orbits or fV-orbits of points in dG, we will mean these translation 
actions. 

We next obtain the following result giving fairly precise information about sin- 
gular points in dM$: 

Theorem B. Let N > 3, $ € Aut(F]y) be a hyperbolic iwip and let M$ be its 
mapping torus group. Then: 

(1) Every singular point S € 9M$ is rational and has the form S = (xt m )°° 
for some x £ Fn and m ^ 0. 

(2) The number a of Fn -orbits of singular points in is finite and satisfies 
2 < a < AN - 5. 

(3) We have 

J2 (deg(S) - 2) < 4N - 5 

[S] 

where the sum is taken over all Fn- orbits [S] of singular points in <9M$. 

Thcorem|B]implies that for every singular S £ dM® there exists a unique g £ M$ 
such that g is not a proper power and such that g°° = S; moreover, there are 
< AN — 5 conjugacy classes of g £ G with these properties. 

We next summarize, in a simplified form, the remaining results (obtained in 
Section [8]) about fibers of T for M$. 

Theorem C. Let N > 3, $ £ Aut(Fjsr) be a hyperbolic iwip and let M$ be its 
mapping torus group. Then the following hold: 

(1) For any S £ <9M$ and any g £ M$ we have deg(S') = deg(gS'). 

(2) Let g — xt m £ Af$ where x £ Fx and m ^ 0. Then 

deg( 5 00 )+deg( 5 - 00 ) <4JV-1. 

(3) If x £ Fn,x 7^ 1 then the point x°° £ 9Af$ is regular. 

(4) There are uncountably many M$ -orbits of regular points in (9M$. (Since 
there are only countably many rational points in 9Af$, this also implies 
that there are uncountably many M^-orbits of irrational regular points in 
dM®.) 
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(5) There are uncountably many M^-orbits of semi-singular points in dM$. 
(Again, this also implies that there are uncountably many M$ -orbits of 
irrational semi- singular points in dM$). 

The paper is organized as follows. We give preliminary background information 
in Section [2] In Section [3] we discuss the general notion of an algebraic lamination 
on a free group, and discuss the attracting/repelling trees T±(ip) for an iwip <p and 
several algebraic laminations naturally associated to iwip elements of Out(i*jv)- 
Section |4] provides an overview of the relevant index theory, including the notions 
of geometric index and Q-index for trees, and the notion of index for free group 
automorphisms. In Section [5] we give a precise definition of the Cannon-Thurson 
map and note some of its basic properties. In Section [6] we discuss Mitra's "ending 
laminations" and obtain Proposition 16.41 and Corollary 16.51 which, for a hyperbolic 
iwip $ G Aut(i*V) characterize the fibers of the Cannon-Thurston map T : 8Fn — > 
dM$, in terms of the dual laminations of T±((p). In Section[7]we obtain TheoremlA"! 
In Section [5] we obtain (more detailed versions of) Theorem [B] and Theorem [C] In 
Section [9] we discuss some open problems. 

The paper uses a significant amount of varied technology and for that reason 
the background sections necessarily take a fair amount of space in the paper. An 
experienced reader, well-familiar with train-tracks, algebraic laminations, dual lam- 
ination of a point of cv/v, attracting/repelling trees of iwips, the map Q and the 
index theory for Out(-Fjv) and cvjv, may want to jump directly to Section [5] and 
Section [6] and only refer to the background sections as needed. However, readers 
who are not well familiar with the above mentioned topics are well advised to read 
through (at least some of) the background sections first. 

The first author thanks Arnaud Hilion and Thierry Coulbois for useful discus- 
sions regarding the Q-index. 

2. Outer space 

2.1. Conventions regarding graphs. By a graph A we mean a 1-dimensional 
CW-complex. We refer to the 0-cells as vertices of A, and the set of all vertices 
of r is denoted VA. Since every closed Tcell is homeomorphic to either [0, 1] or 
S , it is an orientable 1-manifold admitting exactly two orientations. An edge of 
A is a closed Tcell with a choice of an orientation on it. We also sometimes refer 
to open 1-cells of A as open edges. The set of all edges of A is denoted EA. If 
e G -EA, changing the orientation on e to the opposite one produces another edge 
of A denoted by e~ 1 . By construction e ^ e -1 and (e -1 ) -1 = e. For every edge 
e G EA there are obviously defined origin o(e) G V(A) and terminus t(e) G V(A) 
(note that we need to use the orientation on e to distinguish between o(e) and t(e) 
for a non-loop edge). By construction, we have o(e) = t(e^ 1 ) and t(e) — o{e~ r ). 
An edge-path of length n > 1 in A is a sequence 7 = e\, . . . , e n of edges of A such 
that t(ei) — o(ei+i) for 1 < i < n. We denote n = I7I and put 0(7) := o(ei), 
£(7) := t(e n ). For any vertex v G VA we also regard 7 = v as an edge-path of 
length I7I = with 0(7) = £(7) = v. For v G VA the valence valA(f) of v in A 
is the number of all e G EA with o(e) = v. An edge-path 7 is reduced or tight 
if it does not contain a subpath of the form e, e" 1 , where e G EA. An edge-path 
7 = ei,...,e„ (where n > 1) is cyclically reduced if 0(7) = 4(7), the path 7 is 
reduced and e„ ^ e^ 1 . We also regard edge-paths of length as cyclically reduced 
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paths. Note that this definition implies that if 7 is a cyclically reduced edge-path 
then 7 is closed, that is 0(7) = t(j). 

If 7 is an edge-path in A, we denote the reduced (i.e. tightened relative end- 
points) form of 7 by [7]. Thus |[7]| < I7I and 0(7) = 0Q7]), 4(7) = £([7]). If 7 and 
7' are edge-paths such that £(7) = 0(7'), we denote by 77' the path obtained by 
concatenating 7 and 7', without tightening. Thus (77'! = I7I + |7'|. 

If Ai, A2 are graphs, a graph-map from Ai to A2 is a continuous function / : 
Ai -> A 2 such that /(FAi) C VA 2 and such that for every e G EA± /(e) is 
a reduced edge-path in A2 with |/(e)| > 1 (and hence, by continuity, o(/(e)) = 
/(o(e)) and t(f(e)) — t(f(e))); we also require that after subdividing each e G EA\ 
in ri = |/(e)| edges, / maps the interior of every subdivision edge homeomorphically 
to an open edge of A2. 

Let N > 2. A marking on Fn is an isomorphism a : Fn — > tti(T,vq), where 
r is a finite connected graph without valence- 1 and valence- 2 vertices, and where 
vq G VT. The base- vertex vq will almost never be relevant when markings are 
discussed, and therefore we will usually suppress the mention of vq. 

Convention 2.1. Let a : Fn — > 7Ti(r) be a marking. When endowed with the 
simplicial metric (where every edge has length 1), L becomes a O-hyperbolic metric 
space. Moreover, a induces an i^-equivariant quasi-isometry Fn — > L and hence 
it induces an i^v-equivariant homeomorphism 8Fn — > dT. We will often use this 
homeomorphism to identify 8Fn and dT and write OFn = dT. 

2.2. Outer space. We give here only a brief overview of basic facts related to 
Outer space. We refer the reader to [TSj [37J HH1 HI] for more detailed background 
information. 

Let N > 2. The unprojectivized Outer space cvn consists of all minimal free and 
discrete isometric actions on Fn on R-trees (where two such actions are considered 
equal if there exists an i^-equivariant isometry between the corresponding trees). 
There are several different topologies on cvn that are known to coincide, in partic- 
ular the equivariant Gromov-Hausdorff convergence topology and the so-called axis 
or length function topology. Every T G cvjv is uniquely determined by its transla- 
tion length function \ \.\\t ■ Fn — > R, where | \g\ \t is the translation length of g on T. 
Two trees T\ , T2 G cvjv are close if the functions 1 1 . | |ti and 1 1 . | \t x are close pointwise 
on a large ball in Fn- The closure cvjv of cvjv in either of these two topologies is 
well-understood and known to consists precisely of all the so-called very small min- 
imal isometric actions of Fn on R.-trees, see [5] and [13]. The automorphism group 
Aut(i ? 7v) has a natural continuous right action on cvn (that leaves cvjv invariant) 
given at the level of length functions as follows: for T G cvjy and $ G Aut(i 7 V) we 
have ||g||T$ = 1 1^(5) I It, where g G Fn- In terms of tree actions, T$ is equal to 
T as a metric space, but the action of Fn is modified as: g ■ x = &(g) ■ x where 

x G T, g G Fn are arbitrary. The subgroup Inn(FN) < Aut(Fn) is contained in the 
kernel of this action, and hence we also get a natural action of Out(-FAr) on cvjv as 
well. For ip G Out(FAr) and T G cv N put T<p := T<f> where $ G Aut(F N ) is any 
representative of the outer automorphism ip in Aut(i 7 V). The projectivized Outer 
space CYn — Pcvtv is defined as the quotient cvn/ ~ where for T\ ~ Ti whenever 
T2 = cT\ for some c > 0. One similarly defines the projectivization CVn = IPcvjv of 
cu{Fn as cv(Fn / ~ where ~ is the same as above. The space CVn is compact and 
contains CVn as a dense Out(i ; jv)-invariant subset. The compactification CVjv of 
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CVat is a free group analog of the Thurston compactification of the Teichmuller 
space. For T G cvat its ^-equivalence class is denoted by [T], so that [T] is the 
image of T in CVjv- 

2.3. Train tracks. Let ip G Out(-FV). A topological representative of ip is given by 
a marking a : Fn — > 7Tx(r, vq) and a graph map / : Y — > T such that: 

(1) The map / is a homotopy equivalence. 

(2) For some (equivalently any) edge-path ft from vq to f(yo) in Y the map 

a -1 o 9 o a : i*jy — » _Fjv 

is an automorphism of Fn whose outer automorphism class is <p. Here 
9 : 7Ti(T,vq) — > 7Ti(r, Vq) is the map given by [7] i-> [ftf^ft" 1 ] for every 
closed edge-path 7 from v$ to vq in T. 

Definition 2.2 (Train track). Let tp G Out (-Fat)- A topological representative 
/ : r — y r of ip, with associated making a : Fn — > 7Ti(r), is called a tram irocfc 
representative of y> if for every edge e G -Br and every n > 1 the edge-path / n (e) 
is reduced. 

3. Algebraic laminations 
3.1. General notion of an algebraic lamination. Let N > 2. Put 

d 2 F N := {(A, F) : A, F G dF N , and X ^ F}. 

Thus d 2 Fjy C 9F^v X 9F/v and we endow 9 2 Ftv with induced topology from dF^ x 
Note that the left translation action of Fn on 8Fn induces a natural diagonal 
action of Fn on 8 2 Fn by homeomorphisms: for (A, Y) G 8 2 Fn and <? G Bat we 
have <7(A, Y) := (gX,gY). The space 8 2 Fn comes equipped with the canonical 
"flip" map cr : d 2 F N ->• a 2 ^, where cr : (A, F) 1— > (F, A) for (A, F) G 9 2 B N . 

Definition 3.1 (Algebraic lamination). Let N > 2. An algebraic lamination on 
is a closed Fjv-invariant and flip-invariant subset L C 8 2 Fn- Unless stated 
otherwise, we also require L to be nonempty. 

For X, Y G 9Fat such that (A, F) G L we say that (A, F) is a Zea/ of L. For 
A G 9.Fjv we say that A is an end of L if there exists F G 9-Fjv, F 7^ A such that 
(A, F) G L. 

Note that for an algebraic lamination L, the set of all ends of L is necessarily an 
.F/v-invariant subset of 8Fn- 

Definition 3.2 (Laminary language). Let a : Fn —> 7Ti(r) be a marking on Fn 
and let L C 8 2 Fn be an algebraic lamination on Fn- 

The laminary language C a of L with respect to a consists of all finite edge-paths 
7 in r such that some (equivalently, every) lift 7 of 7 to Y is contained as a subpath 
in a T-geodesic from A to F for some (X, F) G L. 

Thus we can regard C a as a set of words in the finite alphabet EY. For the 
case where a is a marking corresponding to some free basis A of Fn (so that Y is 
a wedge of N circles corresponding to elements of A), we in fact identify EY with 
A U /F 1 and think of C a as a set of words over the alphabet A U A^ 1 . 

It turns out (see [16p that an algebraic lamination is uniquely determined by its 
laminary language and that one can explicitly characterize which languages occur 
as laminary languages of algebraic laminations: 
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Proposition 3.3. 16J Let N > 2. Let a : Fn — >• i"i(r) be a marking on Fn- 

(1) Let L, L' C d 2 Fpf be algebraic laminations on Fn ■ Then L = L' if and only 



(2) Let £ be a set of finite reduced edge-paths in T. Then C = C a for some alge- 
braic lamination L on Fn if and only if C is closed under under inversion, 
under taking subpaths and is bi- extendable, that is, for every nontrivial path 
7 G C there exists a path 7' = 71772 G C such that 71 and 72 are nontrivial. 

If 7 is an edge-path (possibly infinite) in a graph T, we denote by Sub^) the set 
of all finite subpaths of 7. If Q. is a set of edge-paths in V we put 

Sub(il) := U-yenSub^). 

We also need the operation of "diagonal extension" for subsets of 8 2 Fn- 

Definition 3.4 (Diagonal extension). For R C 8 2 Fn the diagonal extension of R, 
denoted diag(i?), is defined as 

diag(i?) = {{X, Y) e d 2 F N : there exits m > 1, Z = X, Z u . . . Z m = F, 
such that (Zi, Z i+1 ) £ R for < i < m - 1}. 

Using m = 1 in the above definition we see that R C diag(i?) for every R C 8 2 Fn- 
Note that, a priori, if L C 8 2 Fn is an algebraic lamination, then diag(L) need not 
be an algebraic lamination, since diag(L) may fail to be a closed subset of 8 2 Fn- 

In |17j . Coulbois, Hilion and Lustig define, given an arbitrary T g cvjv, the 
"dual" or "zero" lamination of T: 

Definition 3.5 (Dual lamination). Let T e cvat and let a : Fn — > 7i"i(r) be 
a marking on Fn- The zero lamination or dual lamination L(T) C 8 2 Fn of T 
consists of all (X, Y) G 8 2 Fn with the following property: 

For every finite subpath [p, q] of the T-geodesic from X to Y and for every e > 
there exists a cyclically reduced path w in T such that the projection 7 of [p, q] to 
r is a subpath of w and such that ||w||t < £• 

It is shown in [T7] that L(T) C 8 2 Fn is indeed an algebraic lamination on Fn 
and that the above definition does not depend on the choice of a marking a. It is 
also clear that L(T) depends only on the projective class [T] of T in CVjv- 

Note that L{T) can be described by specifying its laminary language with respect 
to a marking a. Namely, L(T) is the unique algebraic lamination on Fn whose 
laminary language with respect to a is 



(J L){Sub(w) : \ \w\\t < s, and w is a cyclically reduced path in T}. 

There is an alternative description of L(T) (in terms of the so-called map Q), 
obtained in [17], and stated in Proposition 14. II below, which implies the following: 

Proposition 3.6. Let N > 2 and T G ~cvn be a- tree with dense FN-orbits. Then 
L(T) = diag{L{T)). 

Algebraic laminations on Fn and their generalizations also naturally arise in 
other contexts related to Out(-Fjv), such as the proof of the Tits Alternative for 
Out(-Fjy) by Bestvina, Feighn and Handel [3 [8], and in the study of geodesic cur- 
rents on free groups [32] . 
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3.2. Bestvina-Feighn-Handel laminations. For the remainder of this section 
we assume that N > 3 and that tp G Out(Fjv) is a hyperbolic iwip. In this situation 
there are several natural algebraic laminations on Fn associated to tp. 

The first one was introduced by Bestvina, Feighn and Handel in [6]. 

Definition 3.7. Let / : V — >• T be a train-track representative of tp and let a : Fn — >■ 
7Ti(r) be the corresponding marking. Recall that the marking a defines an F^- 
equivariant identification between 8Fn and dT and that we use this identification 
to write dF N — dT. 

The Bestvina-Feighn-Handel lamination Lbfh{^P) Q d 2 F^ of tp consists of all 
(X, Y) G 9 2 Fjv with the following property: 

For every finite subpath [p, q] of the geodesic in T from XtoY there exists n > 1 
and e G ET such that the projection 7 of [p, q] to T is a subpath of f n (e). 

In terminology of [6], the lamination Lbfh{^) (respectively LsFni^ 1 )) is 
called the stable (respectively unstable) lamination of tp. 

One can show that the above definition does not depend on the choice of a train- 
track representative of ip and, moreover, that Lefh^) Q d 2 Fjy is an algebraic 
lamination on Fn. Moreover, it is not hard to see, in view of irreducibility properties 
of tp and of /, that in the above definition one can choose the edge eo = e G ET 
independent of X, Y and of [p, q], provided we allow 7 to be a subpath of f n (eo) or 
of / n (eg ). Thus Lbfh{<p) is the (unique) algebraic lamination with the laminary 
language 

Lbfh(v) = U„>i U eeEr Sub(f n (e)) = U„>! (Sub(f n (e Q )) U ^(/"(e^ 1 ))) 
where eo G ET is any chosen in advance edge of T. 

3.3. Attracting and repelling trees associated to iwips. The following fact 
is well-known [51 |T§1 155] : 

Proposition-Definition 3.8. Let N > 2 and let ip G Out(F/v) be an iwip. Then: 

(1) The action of (f on CVn has exactly two distinct fixed points. One of these 
fixed points, denoted [T+] = [T + (y?)], has the property that T + p> = X+T + 
for some A + = A+(<p) > 1 and the other fixed point, denoted [T_] = [T_(y>)] 
has the property that T^ip — j- for some A_ = A_ (<^) > 1. 

(2) The number A+ is equal to the Perron-Frobenius eigenvalue of any train- 
track representative of tp. 

(3) We have [T_(<p)] = [T+O/?- 1 )] and A_(<^) = X+i^ 1 ). 

(4) If N > 3 and ip is hyperbolic, then the action of Fn on T+(<p) is free and 
has dense orbits. 

The point [T+] (or sometimes any representative T + G cvjv of is called 

the attracting tree of ip or the forward limit tree of yj. Similarly, point [T_] (or 
sometimes any representative T_ G cvjy of [T_]) is called the repelling tree of tp or 
the backward limit tree of y>. 

Part (4) of the above statement, together with Proposition 13.61 immediately im- 
ply: 

Corollary 3.9. Let N > 3 and let tp G Out{F^) be a hyperbolic iwip. Then 
L(T + (tp)) = diag(L(T + (p))). 
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The tree T+((p) can be more explicitly understood using a train-track represen- 
tative of if (see |19j). but we will not need such a description in this paper. 

Remark 3.10. If $ € Aut(i<V) is any automorphism, then $ is a quasi-isometry of 
-F/V and hence $ induces a homeomorphism of <9P/v and therefore a homeomorphism 
$ : 8 2 Fn ~ > <9 2 F/v of 8 2 Fm as well. Moreover an inner automorphism acts on 8 2 Fn 
as a translation by an element of Fpf. Thus if $i,$2 G Out(Fiv) have the same 
outer automorphism class ip G Out(F/v), then the actions of $1 and $2 differ by 
the translation by an element of Fn- 

If <p G Out(Fjv) is a hyperbolic iwip and if $ G Aut(PV) is a representative of <p, 
then the laminations Lbfh(<p) and L(T±((p) are ^-invariant, that is Lbfh{v>) — 
$(L BFH (<p)) = *- x {L BFH {<p)) and $(L(T±(^))) = ^ (L(T ± (<p))) = L(T ± (<p))). 
Since, as algebraic laminations, Lbfh^) and L(T±(ip)) are also F/v- invariant, in 
view of the above facts, we will sometimes also say that Lbfh^) and L(T±(tp)) 
are tp- invariant (without invoking a specific lift of <p to Aut(F/v).) 

In |35j we established a precise relationship between Lbfh(<p) and L(T_): 

Proposition 3.11. Let N > 3 and Zei 9? G Out{Fiq) be an hyperbolic iwip. Then 

L(T-(tp)) = diag(L B FH{v)) ■ 

The fact that Lbfh{<p) Q L(T-(tp)) is fairly straightforward. Hence, since 
L(T-{ip)) = diag(Z(T_ (</?))) by Proposition 13.61 it follows that diag(L_BF_f/(^)) C 
L(T-(ip)). Showing that this last inclusion is actually an equality requires consid- 
erable extra work. 

It is well-known (e.g. it easily follows from the results of [35]) that for a hyper- 
bolic iwip ip the laminations L(T+) and L(TJ) are disjoint in the following strong 
sense: 

Proposition 3.12. Let N > 3 and let tp G Out{F^[) be a hyperbolic iwip. Then 
L(T + )nL(T_) = 0. Moreover, if(X, Y) G L(T + ) then there does not exist Z G dF N 
such that (X,Z) G L(T_); that is, the laminations L(T + ) and L(T_) have no 
common ends. 

4. The index theory for trees and automorphisms 

In this section we will discuss several notions of index for trees and automor- 
phisms and the connections between these notions. We refer the reader to |15j for 
a more comprehensive review of this material. 

4.1. The Q-map and Q-index. Let T G cvjv be a tree with dense F^-orbits (e.g. 
T = T + (ip), where ip G Out(PV) is an hyperbolic iwip). We denote by T the metric 
completion of T and put T = T U dT, where dT is the hyperbolic boundary of T. 
Note that T comes equipped with a canonical i<Ar-action by homeomorphisms, and 
that the restriction of this action to T gives an action of Fn on T by isometries. 
Levitt and Lustig [35] introduced an Fjy-equi variant map Q : 8Fn — > T that turned 
out to be closely related to the the dual lamination L(T). The precise definition 
of the map Q is not relevant for this paper, but we do need the following fact 
established in [17] : 

Proposition 4.1. Let N > 2 and let T G ~cvn be a tree with dense Fn-orbits. 
Then for X, Y G dF N , X ^Y we have (X, Y) G L(T) if and only if Q(X) = Q(Y). 
Moreover, if X G dF N and P := Q(X) G dT then Q^P) = {X}. 
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Proposition 14.11 immediately implies Proposition 13.61 above saying that for any 
T Ecvn with dense P^r-orbits we have L(T) — diag(L(T)). Coulbois and Hilion [T3] 
introduced a useful notion of a Q-index in the above set-up. Again, let T £ cv/v 
be a tree with dense orbits. Let PeT. It is known in this case that StabF N {P) 
is a finitely generated (possibly trivial) free subgroup of Pat, so one has a natural 
inclusion dStabp N {P) C dF N . Define Q-^P) := Q- 1 (P)\dStab FN (P). It is easy 
to see that Q~ 1 (P) is a StabF N (P)-invariant subset of 8Fn- Denote by [P] the 
equivalence class of P in the quotient set Q~ 1 (P) / ' StabF N (P). For P 6 T define 

(*) ind Q (P) := # (Q- 1 (P)/^a6 i , JV (P)) + 2 rank(5to6 Fjv (P)) - 2. 

It is easy to see that for any P' £ [P] we have indg(P') = indg(P). Thus we define 
indg([P]) :— indg(P). Finally, we can define the Q-index of T: 

Definition 4.2 (Q-indcx of a tree). Let T £ cv^r be a tree with dense orbits. 
Define the Q-index indg(T) as 

(*) ind Q (T):= £ max{0, ind s ([P])}. 

[P]ef/F N 

We will discuss in greater detail the case where T £ cvat has dense orbits and 
corresponds to a free action. This is the only situation that is relevant for the proof 
of our main result, and the definition of indg(T) becomes easier in this case. 

Note that T is a complete M-tree containing T as a subtree. For a point P £ T 
the valence valjr(P) of P in T is the number of connected components of T \ P, 
called directions at P. A direction at P can be also identified with an equivalence 
class of non-degenerate segments [P, P'] where P £ T, P ^ P 1 . Here two such 
segments [P, P'], [P.P"\ are equivalent if [P, P'] n [P, P"} = [P, 5] for some S ^ P. 

We say that P £ T is a branch point if val-y(P) > 3. Note that completion points 
always have degree 1, so that if P £ T is a branch point then P £ T. 

We need the following basic lemma: 

Lemma 4.3. Let T £ cvn be a free F^-tree. Then the action of Fn on T is also 
free. 

Proof. Let P £ T\T be a completion point. It is not hard to check that valy(P) = 1. 
Let g £ Fn be such that gP = P. The stabilizer StabF N (P) acts on the set of 
directions at P. Since T has exactly one direction at P, it follows that there exists 
x £ T such that the segment [P, x] is fixed pointwise by g. In particular, gx = x. 
Since P/v acts freely on T by assumption, it follows that g = 1 . Thus Pat acts freely 
on T, as claimed. □ 

Corollary 4.4. Let T £ cv^ be a free F^-tree with dense FN-orbits. Then for any 
P £ T we have 

mrf Q (P) = #(Q- 1 (P))-2, 

and 

(**) ind Q {T)= max{0,#(Q- 1 (P))-2} 

[P]eT/Fjv 

Proof. Proposition 14 . 1 1 implies that max{0, indg(P)} = for every P £ dT. There- 
fore in the definition of indg(T) we only need to sum up over [P] £ P/P/v. 
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By Lemma [4.31 we have StabF N (P) — {1} for every P G T, and hence we can 
ignore the stabilizers in the formula (Jit) above defining indg(P). Thus in this case 
for every P G T 

ind Q (P) = #(Q- 1 (P))-2. 
In particular, max{0, indg(P)} = provided #(Q _1 (P)) < 2. Hence 

ind s (T) = max {°' - 2} 

[P]eT/F N 

and the only [P] G T /Fm that contribute positive terms to the above sum are those 
points such that #(Q~ 1 (P)) > 3. Formula (**) now follows immediately from the 
definition of indq(T). □ 

The following important general fact was recently established by Coulbois and 
Hilion in Q3] 

Proposition 4.5. Let N > 2 and let T G ~cvn be a tree with dense Fm -orbits. 
Then ind Q (T) < 2N - 2. 

For the applications in this paper we will only need a special case of Proposi- 
tion ^^! for the situation where T = T±(ip), with ip G Out(P/v) being an hyperbolic 
iwip. For that case the conclusion of Proposition ^. 51 given by Proposition 14. 1 1 1 be- 
low, is substantially easier to obtain. 

4.2. Index of an automorphism. We need to use the notion of an index of 

an automorphism introduced by Gaboriau, Jaeger, Levitt and Lustig in [20] . For 
simplicity (since in the applications we only need to consider this case), we will 
define the index only for atoroidal automorphisms. Note that if tp G Out(Fjy) 
is atoroidal, then for every representative $ G Aut(-FV) of (p the fixed subgroup 
Fix(<&) < Fm of $ is trivial (which is what makes defining the index of ip easier in 
this case). 

It is proved in 20 that if $ € Aut(-Fjv) is arbitrary, then for every point X G 8Fm 
fixed by <I> exactly one of the following occurs: 

• The point X belongs to the boundary of the fixed subgroup Fix($) of $. 

• The point X is a local attractor for the action of <!> on Fm U 8Fm- 

• The point X is a local attractor for the action of $ _1 on Fm U 8Fm- 
Denote by a($) the number of local <I>-attractors in 8Fm- We will also denote 

the set of local $-attractors in 8Fm by Att($>). 

Definition 4.6 (Index of an automorphism). Let $ € Aut(pv) be an atoroidal 
automorphism. The the index of $ is 

ind(*):=^-l. 

Definition 4.7 (Index of an outer automorphism). For x 6 Fm denote by i x the 
inner automorphism of Fm given by i x (h) = xhx^ 1 , h G Fm- Two automorphisms 
$' G Aut(pv) are isogredient if there exists x G Fm such that 

$' = i x o $ o i x -i = i x $( x -i) o $. 

If $, are isogredient, then their actions on 8Fm are conjugate by a translation 
by an element of Fm, and hence ind(<!>) = ind($'). However, in general if two 
automorphisms represent the same class in Out(pv), their indices may be different. 
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We denote the isogredience class of $ by [[$]]. Note that the outer automorphism 
class $ partitions as a disjoint union of isogredience classes. An isogredience class 
[[$]] is essential if ind($) > for some (equivalently, any) $ G [[$]]• We denote by 
£ v the set of all essential isogredience classes of representatives of ip. in Aut(Fjv). 
For an atoroidal ip G Out(F/v) define the index of ip as 

ind((/?) = ind($). 

We need the following notion which, for simplicity, we again will only define for 
atoroidal elements of Out(Fjv), since this is the only case needed for our applica- 
tions. 

Definition 4.8 (Forward rotationless automorphisms). Let ip G Out(F/v) be an 
atoroidal element. Following |15j . we say that ip is forward rotationless (FR) if the 
following hold: 

(1) For any representative $ G Aut(Fzv) every ^-periodic point in 8Fn is fixed 
by 

(2) If ^ G Aut(Fjy) is a representative of <p n for some n > and ind(^E') > 
then there exists a representative $ G Aut(fV) of <p such that ^ = 

Proposition 3.3 in [15] shows that any element of Om^fV) admits a positive 
power which is FR; in particular this fact holds for atoroidal elements of Out(F/v). 

4.3. Geometric index, eigenrays and homotheties. In 21j Gaboriau and 
Levitt introduced the notion of a "geometric index" for any T G cvjv- In the 
same paper they proved that for any free F/v-tree T G cvjv the number of Fjv- 
orbits of branch-points of T is finite and is bounded above by 2N — 2. As before, 
for a point P G T we will denote by [P] the F/v-orbit of P. 

For simplicity, we will only define geometric index for free FW-trees, since that 
is the only case relevant for our arguments. 

Definition 4.9 (Geometric index). Let T G cvjy be a free F^-tree. Define the 

geometric index md seo m(T) as 

indgcom (T):= Mt(P)-2]. 

[P]:Val(P)>3 

In particular, Gaboriau and Levitt proved in [21] that for any T G cvat we have 
indgcom (T) < 2N — 2, and we will use this fact below for the trees T± of atoroidal 
iwips. 

We now briefly review the notions of homotheties and eigenrays associated with 
atoroidal iwips. We refer the reader to [3D1 HOI 131] for the detailed background 
information on this topic. 

Suppose that ip G Out(Fjv) is an atoroidal iwip and T± G cv^r are its attract- 
ing/repelling trees. Thus in cv^r we have T + ip = \+T + and T^ip^ 1 = A_T_ with 
A + ,A_ > 1. Let $ G Aut(Fjv) be a representative of ip. Since T + <I> = X+T + in 
cv/v, this means that the F/v-trees T + $ and A+T+ are Fy-equivariantly isometric. 
Taking into account the definition of the action of Aut(Fjv) on cvjv, this fact trans- 
lates into the existence of a homothety H = H$ : T + —> T + which multiplies all 
distances by A + and such that H(xp) — $(x)H(p) for all p G T + and x G Fv. In 
this case we say that the homothety H represents $, and, also, that H represents 
ip. 
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For every left $ of tp to Aut(F/v) the homothety H — has a unique fixed 
point Ch G 2 + called the center of H . (Note that sometimes Ch is a completion 
point). In general H permutes the set of directions at Ch in 2+. Since every point 
of T + has finite valence, there is a positive power H f of H (which represents $*) 
such that H 1 fixes all directions at Ch in 2+ . Then for any direction d at Ch there 
exists a unique geodesic ray p in T + emanating from C# in direction d and such 
that H l p = p. The ray p is called an eigenray of H and is sometimes denoted pd- 

Moreover, it is known that any two homotheties of T+ representing ip differ by 
a translation by an element of Fn . Since Fn acts freely on T + , this implies that if 
two homotheties Hi, H2 of T + representing ip have the same center then Hi = H^- 
In a similar way, we can define the notions of homotheties of T_ representing lifts 
of p^ 1 to Aut(-Fjy) and of eigenrays for such homotheties. 

The following proposition elucidates the connections between ind ge0 m(?+), indg(T_) 
and ind(p) (listed in Proposition 14. 1 II below) . Proposition 14. 101 is obtained in [55] 
and, a weaker form of this proposition follows from the proofs of Lemma 4.3 and 
Proposition 4.4 in [15] . 

Proposition 4.10. Let N > 3 and let p g Out(F]y) be an atoroidal iwip. Let 
Q+ : dF N -> f~ + and Q_ : dF N ->■ fl be the Q-maps. Let $ e Aut{F N ) be a 
representative of ip and let H = H$ be the corresponding homothety ofT + . Let 
Br(T + ) be the set of all branch-points in T + and let Y(T—) be the set of all P' G T_ 

m^#((s: 1 )(p')) >3. 

Then there exists an Fn -equivariant bijection T : Br(T + ) — > Y(T—) such that 
the following hold: 

(1) For every branch-point P ofT+ and the point P' = T(P) G Y(T-) we have: 

(a) there is a (unique) homothety H' ofT + representing ip with Ch' = P 

(b) we have val T+ {P) = # ((fi-) -1 ^)) = k > 3 

(c) there exists a bijection £p : Xi M> pi between the fiber (Q-)^ 1 (P I ) 

i X 1 . . . . Xk} and the set of eigenrays {pi, . . . , pk} of H' in T + emanating 
from P such that for i = 1, . . . k the point Q+(Xi) G dT + is the end at 
infinity of the ray pi . 

(d) For any w G fjv o,nd t > 1 the homothety wH 1 fixes P if and only if 
every Xi, i — 1, ... ,k is an attracting fixed point in dF^ of i w o $*. 

(2) Conversely, if P' eTZ is such that the fiber (Q-) _1 (P') = {Xi,...X k } 
has cardinality k > 3 then there exists a unique branch-point P G 7+ of 
valence k > 3 such that Q + maps Xi , . . . Xk to the ends at infinity in dT + 
of the eigenrays pi, . . . pk emanating from P in T + ; this point P is exactly 
X-i(p'). 

We can now connect all the three notions of index together (again see [15] for a 
detailed exposition regarding these connections). The following proposition is not 
new and is contained, at least implicitly, in several prior papers (e.g. it follows di- 
rectly from the results of [15]), but we still think it is useful to provide an indication 
of the proof here. 

Proposition 4.11. Let N > 3 and let p G Out(Fjs[) be an atoroidal iwip. 
Then the following hold: 

(1) We have mrfg(T_) = md geom (r_|_). 

(2) We have ind Q {TJ) <2N -2. 
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(3) If we further assume that ip 1 is FR then 

2ind(ip) — mc?g(T_). 

Sketch of proof. Part (1) of the proposition can be derived, by unpacking the defi- 
nitions, from Proposition 14. 101 above. Alternatively, part (1) is exactly Proposition 
5.1 in [15] , The proof of Proposition 5.1 in [15] relies in part on the results of [14j . 
but does not require the hard general results of |14j that are used in the proof of 
Proposition ^. 51 

In |21) Gaboriau and Levitt proved that for any T G cvjv we have ind ge0 m(r) < 
2N — 2. This fact, together with part (1), implies part (2). Part (3) can again be 
derived from Proposition 14. 101 An alternative proof of part (3), in a slightly more 
general setting, is given in Section 4 of [30] (see also Proposition 4.4 in [T5] for yet 
another direct proof of (3)). □ 

5. The Cannon-Thurson map 

Definition 5.1 (Cannon- Thurston map). Let G be a word- hyperbolic group and 
let H < G be a word-hyperbolic subgroup of G. Recall that H = H U dH and 
G — G U dG denote the hyperbolic compactifications of these groups. Following 
Mitra, we denote the inclusion of H into G as l : H — > G (although usually we will 
suppress explicit mention of t and will think of H as a subset of G) . 

Suppose there exists a map 1 : dH — > dG such that the function J : H — >• G 
defined by the formula 

J i{h), for h _ H, J:l4 t{X), for X E dH 

is continuous. 

Then T is called a Cannon-Thurston map. 

Thus, by definition, if the Cannon-Thurston map exists, it is continuous. Defini- 
tion l5.1l also means that if T exists, and h n £ H, X € dH are such that linin^oo h n = 
X in the topology of H then lim.n_j.oo h n = T(X) in the topology of G. Hence if if 
the Cannon-Thurston map exists, it is unique. Also, Definition 15 . II implies that the 
Cannon-Thurston map T: dH — > dG (provided it exists) is iJ-equi variant. That is, 
for any X £ dH and h S H we have T(hX) = Ki(X). 

Remark 5.2. Suppose the Cannon-Thurston map t; dH — > dG exists. Then the 
image T(dH) is equal to the limit set A(H) of H in dG. Here A(H) is the set of 
all limits in dG of sequences of elements from H. The inclusion T(dH) C A(H) is 
obvious. For the opposite inclusion, let S _ A(H). Then there exists a sequence 
h n € H such that linin^oo h n = S in the topology of G U dG. Since H U dH 
is compact, after passing to a subsequence we may assume that h n converges to 
some X e dH in the topology of H U dH. Therefore, by definition of the Cannon- 
Thurston map, we have T(X) — S. Thus indeed, T(dH) = A(H). 

As noted in the Introduction, in 07], Mitra proves that, given a short exact 
sequence 

(t) 1 -> H -> G -> Q -> 1 

of word-hyperbolic groups 7?, G, Q there does exist a Cannon-Thurston map T : 
dH^dG. 



1(5 



I. KAPOVICH AND M. LUSTIG 



Remark 5.3. Suppose H < G are hyperbolic groups, such that H is infinite, 
normal in G and the quotient group Q = G/H is infinite, and such that T: dH — > 
dG exists (e.g. if Q is also word-hyperbolic). Then the Cannon-Thurston map 
1 : dH — >■ dG is surjective. Indeed, T(dH) = A(H), by Remark 15.21 Since H 
is infinite and normal in G, by a result of 36., we have A(H) = dG. Hence 
T(dH) — dG, as claimed. 

We will need the following simple but useful lemma: 

Lemma 5.4. Let H,G,Q be word-hyperbolic groups as in ($). Let g G G, so that 
the conjugation by g on H gives us an automorphism $ of H : &(h) = ghg~ l , h G H . 
(Since $ is a quasi-isometry of H , $ induces a homeomorphism of dH, which we 
still denote by $.J Let X e dH and let S= 7{X) G dG. Then gS =T($(X)); that 
isgt{X)=^>{X)). 

Proof. Choose a sequence h n G H such that lim rl _ i . 0O h n — X in the topology of 
HUdH. By definition of Tit follows that linin^oo h n = S in the topology of GUdG. 
In G we have gh n g~ x — $(/i„) so that 

gS = lim gh n = lim gh n g X = lim $>(h n ) 

n— >oo n— >oo n— >oo 

in the topology of G U <9G. By definition of 1 the last limit above is exactly 7(QX). 
Thus gS = T($(X)), as claimed. 

□ 

6. Mitra's lamination and fibers of the Cannon-Thurston map 

In [46], for a short exact sequence (|) of word- hyperbolic groups, Mitra char- 
acterizes the fibers of the Cannon-Thurston map t : dH —> dG in terms of the 
so-called "ending laminations" . We recall briefly this general description here and 
will then give a more precise statement for mapping tori of atoroidal iwips. 

Given every z € dQ, Mitra defines an "ending lamination" A z C d 2 H . To define 
A z , Mitra starts with choosing a quasi-isometric section r : Q — >• G (he later proves 
that the specific choice of r does not matter). Then given any z £ dQ, take a 
geodesic ray in Q towards z and let z n be the point at distance n from the origin 
on that ray. Lift z n to G by the section r to get an element g n = r(z n ) € G. 
Conjugation by g n gives an automorphism tp n of H defined as ip n {h) — g n hg~ l , 
h G H . Now pick any non- torsion element h G H. Then look at all bi- infinite 
geodesies 7 = (X, Y) in the Cayley graph of H (where X, Y G dH) such that there 
exist sequences x n ,y n of vertices of with x n —> X and y n — >■ Y with the property 
that the segment [x n , y n ] C 7 is labelled by a word in H which is a "subword" (in a 
properly quasified sense) of a "cyclically reduced" if-geodesic form of ipk n (h) with 
k n — > 00 as n — > 00. For a fixed h, the collection of all such (X, Y) G d 2 H is denoted 
A z ,/j. Finally, put A z = UhA z ^ where h varies over all non-torsion elements of H. 
The main result of [46] says that, for a short exact sequence (J) of word-hyperbolic 
groups, if X, Y G dH, X ^ Y then t(X) = t(F) if and only if (X, Y) G A z for some 
z G dQ. 

If Q is free (e.g. infinite cyclic), then one can choose the section r : Q — > G to 
be an injective homomorphism, and think of r : Q — > G as an inclusion. 

By the Bestvina-Feighn Combination Theorem [4], if ip G Out(-Fjv) is a hyper- 
bolic automorphism and $ G Aut(Fjv) is a representative of <p then the mapping 
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torus group of $, 

M$ = F N M$ (t) = (F N ,t\thr x = <Z>(h),he F N ) 

is word- hyperbolic. In the case, for H = F/v, Q = (t) = Z and G = M$, we get a 
short exact sequence of the above type (\): 

1 -> F N -> M$ -> (t) -> 1. 

Note also that replacing t by ii = ut, where u G -Fjv is arbitrary, rewrites the relation 
tht^ 1 = $(/i) into t\ht — Thus M$ and the inclusion F N < M$ depend 

only on the class outer automorphism tp of $. Since Fv, M$ and Z are word- 
hyperbolic, Mitra's result [47] implies that the inclusion Fn < M$ does extend to 
a continuous Cannon-Thurston map T: 9-Fjv — ^ dM$. 

For the infinite cyclic group Q = (t) its hyperbolic boundary consists of exactly 
two distinct points, t°° and We can take r(t n ) = t n . Then tp n = 

Translating Mitra's definition of A 2 , for 2; = to this context yields the definition 
of A t oo = A v (where tp G Out(FTv) is the outer automorphism class of <J>) given in 
Definition 16.11 below. Similarly, for z = t~°° we get A t -oo = A^-i. 

We now make these statements and definitions more precise for the case of G = 
M$. 

Definition 6.1 (Mitra's lamination of a hyperbolic automorphism). Let N > 3 
and let tp G Out(Fjv) be a hyperbolic automorphism. 

Let a : F/v tti(L) be a marking on Fjv and let / : F — >• F be a topological 
representative of tp. 

For every h G F/v, /i ^ 1 let be a cyclically reduced closed path in T corre- 
sponding to the conjugacy class [a(/i)]. For n > 1 let Wh, n be a cyclically reduced 
closed path in T representing [f n (wh)}- 

Put A v ,h Q 9 2 Fm to be the set of all (X, Y) G <9 2 F/v such that for every finite 
subpath [p, <?] of the T-geodesic from A to Y the projection 7 of [p, 5] to T is a 
subpath of a cyclic permutation of Wft, )n for some n > 1. Put A v := \Jh£F N ,h^i&-ip,h- 

Note that A^, after symmetrization (i.e. being made flip-invariant) is exactly 
what was termed the lamination generated by the set of conjugacy classes tp t {h) 1 
t = 1,2..., in [35]. 

It follows from the general results of [46] (and also from [35]) that the above 
definition of A v does not depend on the choice of a and /. 
The general result of Mitra [H] applied to M$ implies: 

Theorem 6.2. [JH] £ei (/? G Out(F^) be a hyperbolic element and let $ G Awi(Fjv) 
be a representative of tp. LetT: <9F/v — > <9M$ be the Cannon- Thurston map. 
Then for (X, Y) G <9 2 F/v we have T(X) = t(Y) if and only if 

(X,Y) G A^UA^-i. 

Remark 6.3. It is not hard to see directly from the definitions that the various lam- 
inations described above are preserved by passing to a positive power of tp. Namely 
if tp G Out (Fjv) is a hyperbolic iwip, and k > 1 then Lbfh{>p) — LBFH{<f k ), 
T±(tp) = T±(tp% L{T±{tp)) = L(T ± (tp 1 )) and K v = A^. 

Establishing the following fact is the first step in the proof of the main result of 
this paper: 
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Proposition 6.4. Let N > 3 and ip G Out{Fjsi) be an atoroidal iwip. Then A v — 
L(T-(<p)). 

Proof. Let / : Y — > Y be a train-track representative of p and let a : Fjv — >• 7Ti (r) 
be the corresponding marking. After possibly replacing p by its power, we may 
assume that for any two edges e, e' G £T the path /(e) passes through e' or (e') _1 . 
Recall that T^p = j-T- and hence for every ft G F/v we have 

\\<p n (h)\\T^ = ^\\h\\ T ^0 

as n — >■ oo. Therefore the definitions of A^/j and of L(T_) imply that for every 
ft G Fn, ft 7^ 1 we have A™/, C L(T_). Hence, by definition of Lm, it follows that 
A v C L(T_). A symmetric argument shows that A„,-i C L(T + ). 

Since A^ C L(T_) and since, by Proposition l3.61 diag(L(T_)) = L(TL), it follows 
that diag(A v ) C L(T-) and, by symmetry, diag (A^-i) C L(T + ). 

Now choose ft G JFjy, ft ^ 1 to be arbitrary and let w/j be a cyclically reduced 
closed edge-path in Y representing the conjugacy class [a(ft)]. Let Wh, n be the 
cyclically reduced form of f n (wi l ). Let m be the simplicial length of w^. Thus 
Wh, n ls a concatenation of k n < m paths Wh. n = 7i,n ■ • ■ :7fc„,nj where each 7^ 
is a subpath of /"(e) for some e G £T. Since (/? has is hyperbolic and has no 
periodic conjugacy classes, we have |W/, i71 | — > oo as n — > oo. Since k n < m is 
bounded, after possibly replacing the paths Wh, n by their cyclic permutations, we 
may assume that |7i, n | — > oo as n — > oo and that 71. „ is a subpath of f n (e n ) for 
some e n G EY. The assumptions on / now imply that for every edge e £ EY and 
every t > 1 there is n > 1 such that /*(e) is a subpath of f n (e n ) or of /"(e^ 1 ) 
and hence is a subpath of Wh, n or WZ n . It then follows from the definitions of 
Lbfh{p) and of A V) /, that Lbfh(p) C A^/j. Hence Lefh^) Q A v and therefore 
diag(L BFff (tp)) C diag(A v ). 

Thus 

diag(L BFH (v?)) C diag(A v ) C L(T_). 

Since, by Proposition 13. Ill diag(LBj7#((^)) = L(T_), it follows that diag(A ¥> ) = 
L(T_). By symmetry, we also get diag(A v -i) = L(T + ). Proposition 13.121 now 
implies that 

(t) diag(A^ U = diag(A v ) U diag(A v -i). 

Let R be the set of all (X,Y) G <9 2 Fv such that i(X) = l(Y). Clearly, R = 
diag(i?). We also know, by Theorem l6.21 that R = A^UA^-i. Now (f) implies that 
diag(A v ) = A^ and diag(A v -i) = A„-i. Since we already know that diag(A v ) = 
i(T_), we conclude that A^ = L(T_), as claimed. □ 

Proposition 16.41 and Theorem 16.21 immediately imply: 

Corollary 6.5. Let p> G Out{F^) be an atoroidal iwip and let $ G Aut(F^) be a 
representative of p. Left: 8Fn — > <9M$ be the Cannon- Thurston map. 
Then for (A, Y) G d 2 F^j we have t{X) = T(Y) if and only if 



(X,Y)eL(T + (p))UL(T„(p)). 
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7. The 27V-bound for the size of the fibers of the Cannon-Thurston 

map 

We can now prove Theorem [X] from the Introduction: 

Theorem 7.1. Let TV > 3 and let ip S Out(FN) be a hyperbolic iwip. Let $ 6 
Aut{F^) be a representative of ip and let M§ = Fn x$ Z be the mapping torus 
group o/ c E > . LetT: 9-Fjv dM$ be the Cannon- Thurston map. 
Then for every S £ <9M$ we have deg(.S') < 27V. 

Proof. We say that a point X £ OFn is ip-relevant (respectively, ip^ 1 -relevant) if 
there exists Y £ dF N , Y ^ X such that {X, Y) £ A v (respectively (X, Y) £ A v -i). 

Let 5 £ M$ and let X 6 &FV be such that t(AT) = S. 

By Theorem IO for (X, Y) £ d 2 F N we have t{X) = T(Y) if and only if 

(!) (X,Y) e A,UA rl , 

Thus if X e OFpj is not 93- relevant and is not 93 _1 -relevant, then the full "T- 
preimage of S 1 consists of exactly one point, namely X itself. Then deg(5) = 1 and 
the conclusion of Theorem 17.11 obviously holds. 

Recall that by Proposition 16.41 we have A v — L(T^(ip)) and A„-i = L(T + (ip)). 
Proposition 13.121 implies that a point X £ 8Fn cannot be both (^-relevant and 
ip^ 1 -relevant. 

Suppose now that X £ 8Fn is ^-relevant or ip -1 -relevant. Without loss of 
generality we may assume that X is (^-relevant but not ip _1 -relevant. Denote 

[X] := {X}U{Y £dX :Y ^ X, (X, Y) £ L(T_ {ip))}. 

Then (!) together with the fact that A v = L(T-(<p)) imply that the full i- 
preimage of S is exactly [X]. Thus to prove that deg(S') < 27V it remains to show 
that #[X] < 2N. Let T = T-(tp). Thus T has dense Fjv-orbits and the action of 
Fn on T is free. 

Consider the map Q : dF N -> f . Put P = Q(X). Part (2) of Proposition EU 
implies that indg(P) < 27V- 2. Also, Proposition IO implies that [X] = Q _1 (P), 
and, moreover, that if P £ dT then #[X] = #Q~ 1 (P) = 1. Since 1 < 2N, the 
claim #[X] < 2N holds in this case. Thus we may assume that P £ T. 

Corollary H31 implies that ind Q (P) = ^(Q~ 1 (P)) - 2. If #(Q- 1 (P)) < 2 then 
#[X] < 2 < 2N, as required. Suppose now that #(Q- J (P)) > 3. Then ind s (F) = 
#(QT l (P)) - 2 = #[%] - 2 - Since, as noted above, ind e (P) < 27V - 2, it follows 
that # [A] - 2 < 27V - 2 and therefore #[AT] < 27V, as required. □ 

Remark 7.2. The 2N bound in Theorem 17.11 is sharp. Indeed, for every N > 3 
the paper [29| constructs an example of a "parageometric" hyperbolic iwip ip such 
that some representative $ £ Aut(F/v) of <p has 27V attracting fixed points and 
27V — 1 repelling fixed points in DFn- After passing to a positive power, we may 
further assume that <p> is FR. The continuity of T and Lemma 18.71 below imply 
that for any X £ Att($) the point T(X) is fixed by t £ M$ and, moreover, that 
T(X) is a local attractor for t, and therefore T(X) — t°° . Thus T maps the set 
Att(&) (which by assumption has cardinality 27V) to a single point S £ <9Af$, 
namely, S — t°°. Since by Theorem 17.11 the T-preimage of S has size < 27V, it 
follows that ("T) _1 (5) = Att($) is a set of cadinality 27V. Moreover, Lemma 4.3 
of [TS] implies that all elements of Att(&) are <p~ ^relevant (in the terminology 
of the proof of Theorem ETJ and that Att(&) gives a fiber of Q_ : dF N T_ 
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of size 27V, that is, there is a point P 6 T_ with (Q_)" 1 (P) = Hence 
ind s (F) = md s (T_) = 27V - 2. 

One can also show that in this case the point t~°° G <9Af$ has the T-preimage of 
size exactly 2JV-1 (namely the set Thus deg(i°°) + deg(i -00 ) = 4JV-1 

in this case and hence the AN — 1 bound in Theorem 18.121 below is also sharp. 

8. Analyzing the types of fibers of the Cannon-Thurston map 

In this section we establish more detailed versions of Theorem[B]and Theorem [Cl 
from the Introduction. Thus Theorem 18.91 Lemma 18.111 and Corollary 18.101 imply 
Theorem |U 

Corollary 18.81 implies part (1) of Theorem [D] Theorem 18.121 implies part (2) of 
Theorem [C] Lemma [8.61 is part (3) of Theorem [Cl Proposition 18.131 and Proposi- 
tion [8T4] imply parts (4) and (5) of Theorem [Cl respectively. 

Convention 8.1. For the remainder of Section unless specified otherwise, we 
make the following assumptions and will use the following notations: 
Let $ G Aut(Fjv) be an hyperbolic iwip and let 

(#) M$ = F N x$ (t) = (Fjf^ltht- 1 = <P(h),h G F N ). 

be the mapping torus group of $. Let ip G Out(-F/v) be the outer automorphism 
class of $. 

Also, unless specified otherwise, we denote G = M$. 

Remark 8.2. As noted in Remark I3.10[ raising tp to a positive power does not 
change the trees T±(tp) and the laminations L(T±(tp)), and hence, in view of Propo- 
sition 14.11 the Q-maps dFjf — > T± (tp) remain the same as well. 

For any n > 1 the subgroup D = (Fiy,t n ) < M$ has index n in M$ and, 
moreover, D is naturally isomorphic to M$n. Thus dD — dAlg, = <9Af$™ and the 
Cannon-Thurston maps 8Fn — ► dM$, 9-Fjv — > 9M$n are in fact the same. Thus 
we may replace $ by its positive power without affecting any of the relevant objects 
(the trees T±(ip), their dual laminations, the boundary of the mapping torus group 
and the Cannon-Thurston map). By Proposition 3.3 in |15j any element of Out (-Fat) 
admits a positive power which is FR. Thus after possibly replacing an hyperbolic 
iwip tp by its positive power, for most statements in this section we may assume, if 
necessary, that tp is FR. 

Remark 8.3. Note that if x G Fjv and t\ = xt G M$ then M$ = (i*jv,ii) and 
for any h £ Fn we have tiht^ 1 = x~ 1 <&(h)x. Hence on the generators ti,Fjy the 
group M$ has the presentation 

(F N ,t\thr l = $i(h),h G F N ) 

where $i(/i) = x~ l <b(h)x for all h £ Fn- Thus Mg, 1 is naturally identihed with 
M$. Under this identification we have dMq, ± = <9M$, the inclusions of Fn in these 
groups are equal, and so the corresponding Cannon- Thurston maps are equal as 
functions as well. 

Note that since Fn < G is normal and infinite, the Cannon-Thurston map 
t: 8Fm — > dG is surjective, since the image of Tis the limit set of Fn in dG. 

Definition 8.4 (Degree). For a point S G dG the degree deg(5) of S is the car- 
dinality of the full preimage of S under t : 8Fn — > 9M$. Thus we always have 
1 < deg(S') < 2N. 
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Definition 8.5 (Types of points in 9M$). Let S £ <9M$. 
We say that: 

• the point S is regular if deg(S') = 1; 

• the point S is singular if deg(5) > 3; 

• the point S is semi-singular if deg(S) = 2. 

In view of Corollary 16.51 and of Proposition 13. 121 if S is not regular then exactly 
one of the following happens: for every two distinct T-preimages X,Y £ 8Fn of S 
we have [X,Y) £ L(T + ); or for every two distinct T-preimages X, Y £ dF N of S 
we have (X, Y) £ L(T_). In the former case we say that S is of ip-type and in the 
latter case we say that S is of ip~ l -type. 

It is not hard to see, from Corollarv l6.5| that if S £ 9M$, then for any x £ Fn we 
have deg(S') = deg(xS). Similarly, if S is non-regular of tyj-type (respectively of <p~ l - 
type) then so is the point xS, where x £ Fn is arbitrary. Moreover, Corollary 16.51 
also implies that S £ 8M$ is regular if and only if some (equivalently, any) T- 
preimage X of S is not an end of the laminations L(T±). 

Lemma 8.6. Let x £ Fn, x =/= 1. Then the rational point x°° £ dM$ is regular. 
(Here by x°° we mean Imin-j.oo x n £ dM$ in the topology of M$ U dM& ). 

Proof. Put X = lim^oo x n £ dF N and S = Yan n ^oo x n £ dM$. Thus T(X) = S. 
Since X £ dF^ is rational, X is not an end of either of the laminations L(T±). 
Therefore Corollary 16.51 implies that S is regular. □ 

The following is a special case of Lemma 15.41 

Lemma 8.7. Let X £ dF N and let S = t{X) £ dM$. Then tS = T($(X)). 

Corollary 8.8. For any S £ dG and any g £ G we have deg(S) = &eg(gS). 
Moreover if S is non-regular and g £ G then S is of ip-type if and only if gS is of 
(f-type. 

Proof. Let g — xt m where x £ Fn and m £ Z. Since T is surjective, there exists 
X £ dF N such that T(X) = S. Then Lemma EH implies that gS = ?(x<£ m (X)). 
Since the laminations L(T±) are both i^-invariant and ^-invariant, the conclusion 
of the corollary now follows from Corollary [631 

□ 

Recall that G — M$ and Fjv < G act on dG by translations, and when referring 
to G-orbits and -F/v-orbits of points of dG we mean orbits with respect to these 
actions. 

Theorem 8.9. Let $ £ Out(F N ) be an hyperbolic iwip and lett: dF N — > 9M$ be 
the Cannon- Thurston map. 
Then: 

(a) Let S £ (9M$ be a singular point. Then S is rational, that is, there exists 
g £ M$ such that S = g°° . Moreover if S is singular of ip -1 -type then we 
can choose g as above to be of the form xt m where x £ Fn and m > 0. 
Similarly, if S is singular of ip-type then we can choose g as above to be of 
the form xt m where x £ Fn and m < 0. 

(b) If S £ 8M& is singular of <p~ l -type (respectively of ip -type) then there is no 
element g = xt m £ M$, where x £ Fn, such that S = g°° and such that 
m < (respectively, m > 0). 
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(c) The number of Fn- orbits of singular points of ip -type (respectively of ip l - 
type) in OFn is < 2N — 2. Moreover, 

53 (deg(S) - 2) < 2N - 2, 

[S] 

where the summation is taken over all Fn -orbits [S] of singular points ofip- 
type; the same inequality holds if the summation is taken over all F^-orbits 
[S] of singular points of ip~ 1 -type. 

Proof. As noted in Remark l8.2[ replacing 3> by its positive power results in taking 
a subgroup of finite index in M$ so that the boundary of M$ and the Cannon- 
Thurston map do not change. Since has a positive power which is FR, it suffices 
to establish the conclusion of the theorem for the case where $ is FR. Thus will 
assume that $ € Aut(Fjy) is an FR hyperbolic iwip and that p G Out(i*V) is the 
outer automorphism class of 

We first establish part (a) of the theorem. Let S G dM<$, be a singular point. 
Without loss of generality we may assume that S is of tp _1 -type. Then the full 
T-preimage of S in OFn consists of k distinct points X\ , . . . , X k where 3 < k < 
2N and where for all 1 < j, r < k we have (Xj,X r ) G L(T_). Thus the points 
X\ , . . . Xf. are mapped to the same point P G T_ under the map Q : 8Fn —> 
fl and indeed the set {X 1 ,...,X k } is exactly Qr 1 {P). Thus ind Q (P) = k - 
2 < indg(T_). Proposition 14.111 implies that indq(T_) = 2ind(<£>). Moreover, 
Lemma 4.3 of |15) (which needs the assumption that p> is FR) now implies that 
there exists $i G Aut(FAr) representing <p such that Q~ 1 (P) is exactly the set 
Att($>i) of local attractors of $i in 8Fn- We have $i = i x o $ for some x G Fn- 

We claim that for g = xt G M$ we have gS = S. 

Recall that X\ G 9FAf is a local $i-attractor. Choose a rational point X ^ Xi e 
9.Fjv in a $i-attracting neighborhood of X\. Thus $™(A) is not an end of L(T±) for 
any n G Z and lim n _ f . oc = Xj. By the choice of X the points S n :— T($"A) 

are distinct for n = 1,2, By continuity of T we have lim TWOO «§„ = t(Xx) = S. 

Lemma 18.71 implies that xtS n = S n +%. The fact that limn^oo S n — S now implies 
that xtS — S, as claimed. Since M$ is a torsion-free word-hyperbolic group, it 
now follows that S is a rational point in 9Af$ and moreover either S — (xt)°° or 
S = {xt)-°° in the topology of M$ U 0M$. 

We claim that in fact S = (xt)°°. Indeed, we have a sequence of distinct points 
5„ G <9M$ converging to S such that xtS n — S n +i- Thus lim„_ s . 00 (a;i)"5i = 5, so 
that <S* is an attracting point for the action of xt on 8Fn- This proves part (a) of 
the theorem. 

We will now establish part (b). 

Suppose that S G dMq, is singular of (y5 _1 -type and that there exists an element 
g = xt m G M$, where x G F^, such that S = g°° and such that m < 0. Part 
(a) implies that there exists an element g\ — yt G M$, where y G -Fjv, such that 
S = gf in dFj\f . Thus 5 = (xt m )°° = (yt)°° where m < 0. Since M$ is torsion-free 
word-hyperbolic, the condition (xt m )°° — (yt)°° implies that some positive powers 
of xt m and of yt are equal in M$. This is impossible since m < 0. Thus we have 
established part (b) of the theorem. 

We next prove part (c) of the theorem. Suppose Si,...,S r G <9M$ are singular 
points of p^ 1 -type which represent distinct F/v-orbits. We claim that r < 27V — 2. 
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For each Sj, j — 1, . . . , r construct the points Pi, . . . ,P r € T- as we did in 
the proof of part (a). Thus for each Pj the full Q-preimage Uj of Pj in 3Fn is 
a set of cardinality kj satisfying 3 < kj < 2N such that Uj is also the full t- 
preimage of Si. We claim that the points P±, . . . ,P r are in distinct -F/v-orbits in 
TL. Indeed, suppose not. Then after renumbering, we may assume that xP\ = P2 
for some x G FV- The definition of the Q now implies that xUi = E/2. Since 
T(C/i ) = Si and 'UUvi) = S2, by Fjv-invariance of the map T, we conclude that 
xSi = S%. This contradicts our assumptions about Si, ... ,S r being in distinct Fjy- 
orbits. Thus indeed Pi, . . . , P r are in distinct -Fjv-orbits in TL. By construction we 
have indg(Fj) > 1 for j = 1, . . . , r. 

We then have 

r 

(0) r < 53 ind s( p i) < ind a T_ < 2N - 2 

i=i 

as required. Moreover, deg(Sj) = kj > 3 and indg(Pj) = kj — 2 = deg(S , J ) — 2, and 
hence 

r 

5^ (deg(^) - 2) < 2JV - 2. 
3=1 

This establishes part (c) of the theorem. 

□ 

Corollary 8.10. M^e have 

53 (de-gtS) - 2) < 4N - 5 

[S] 

where the sum is taken over all Fn -orbits of singular points in 9M$. Moreover, 
the number of F^- orbits of singular points in dM$ is < AN — 5. 

Proof. Part (c) of Theorem [513 immediately implies that J2[S] (deg(S') — 2) < AN — 
4. Suppose that this sum is equal to AN — 4. Then 

53 (dcg(S) - 2) = 5] (deg(S) - 2) = 2N - 2 

where the first sum is taken over all -FV-orbits of singular points of tp-type and the 
second sum is taken over all Fjv-orbits of singular points of </? _1 -type. Then the 
inequality ((}) in the proof part (c) of Theorem 18.91 above implies that indgT_ = 
indgT + = 2N — 2. Theorem 5.2 of [TS] then implies that tp is of surface type, 
that is, comes from a pseudo-anosov homeomorphism of a compact surface with 
one boundary component. However, this is impossible since by assumption ip is 
hyperbolic. 

Similarly, Theorem 18.91 implies that the number of -F/v-orbits of singular points 
in (9M$ is < AN — A. Suppose this number is actually equal to AN — A. Then, by 
Theorem 18.91 there are 2./V — 2 Fly-orbits of singular points of (p-type and there are 
2N — 2 Fjv-orbits of singular points of c£> -1 -type. Hence, as above, the inequality 
(0) in the proof part (c) of Theorem [5^1 implies that ind s T_ = ind Q T + =2N-2, 
which again leads us to a contradiction. □ 

Note that for any g € G = M$ the left translation action by g on dG coin- 
cides with the action on dG of the inner automorphism i g of G, where i g (g') — 
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gg'g^ 1 ^ 1 £ G. In particular, this is true if g 6 Fn- If S £ dG is a rational 
point, then, since G is torsion-free word-hyperbolic, S can be uniquely represented 
as S = where go £ G is a nontrivial element which is not a proper power. Thus 
Corollary 18. 101 implies, in particular, that for every singular S £ 9M$ there exists 
a unique go £ Af$ such that go is not a proper power and such that = S; and, 
moreover, there are < AN — 5 conjugacy classes of such elements go £ G and in fact 
there are < AN — 5 equivalence classes of such go with respect to the conjugation 
action by Fn on G. 

Lemma 8.11. There exists at least one singular point of <p -type and at least one 
singular point of ip^ 1 -type in 9M$. Hence, since by Corollarv \8.8\ the tp^-type of a 
singular point is preserved by G -translations, there exist at least 2 distinct G-orbits 
of singular points in dM$ . 

Proof. Proposition 14.111 implies that indg(T+) = ind g0O m ( T- ) ■ Since TL is not a 
line and has some branch-points, we have ind ge om(7 1 _) > 0. Hence indg(T+) > 
as well, so that there exists a point P £ T + with indg(P) > 0. Hence its preimage 
Q~ 1 (P) C 8Fn consists of > 3 points. The T-image of Q" 1 (P) is a singular point 
S £ 8AU of v?-type. 

The same argument applied to T_ yields the existence of a singular point of 
</5 _1 -type. □ 

Theorem 8.12. Let N > 3 and let <!> £ Out(FN) be an hyperbolic iwip (which is 
not necessarily FR) and letT: OFn — > 3M$ be the Cannon- Thurston map. Let 
g = xt m £ M$ where m ^ and x £ Fn ■ 
Then 

deg( 5 00 )+deg( 5 - 00 ) <4JV-1. 

Proof. Suppose, on the contrary, that deg(g°°) + deg(<?~°°) > 4N — 1. Theorem l7.ll 
then implies that deg(. 9 °°) = deg( 5 ~°°) = 2N. 

Thus g°° is a singular point. Without loss of generality we may assume that 
g°° is singular of (p^ 1 -type (the case where it is of </?-type is symmetric). Thus the 
T-preimage of g°° consists of 2 N distinct points Xi , . . . , X2N £ 9Fn which all have 
the same Q-image, which we denote by P, in T_. Hence indg(P) = 2N — 2 and 
therefore indgT_ = 2N — 2 as well. 

Then, by Theorem 5.10 of [13] either T_ is a surface tree (coming from a pseudo- 
anosov homeomorphism of a compact surface with one boundary component) or 
T_ is a pseudo-surface tree (in the terminology of [TH [15]). The former case is 
impossible since ip is an hyperbolic iwip and the -F/v-action on T_ is free. Therefore, 
by Theorem 5.2 of QI5], T + is a Levitt- type tree and ip is " parageometric" . 

Since deg(g -00 ) = 2N, exactly the same argument applies to g~°° ■ If we assume 
that g~°° is singular of ip-type, the above argument applied to g~°° implies that T + 
is pseudo-surface which is impossible since we have established that T + is a Levitt- 
type tree. Thus is singular of <^ _1 -type. Then, by part (a) of Theorem 18. 9[ 
there exist x\ £ Fn and p > such that g~°° = (xi£ p )°°. Hence g~°° = (xit p )°° = 
(t~ m x~ 1 ) co , which is impossible by part (b) of Theorem l8.9l □ 

Proposition 8.13. Let N > 3 and let $ £ AvMJFn) be an hyperbolic iwip. Then 
there are uncountably many regular points in dAI§, ( since G = M$ is countable, it 
follows that there are also uncountably many G-orbits of such points). 
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Proof. It is well-known (e.g. from the laminary language considerations, since for 
any free basis A of Fn there exists a freely reduced word w over A ±x such that w 
does not occur as a subword of any words in the laminary languages of L(T±) with 
respect to A), that there are uncountably many points X £ 9-Fjv such that X is 
not an end of L(T±). 

Hence there are uncountably many regular points in <9Af$. 

□ 

We say that (X, Y) £ d 2 F N is a simple leaf of L(T+) if {X, Y) £ L(T+) and 
whenever Z £ 8Fn is such that (X, Z) £ L(T + ) then Z = F. The notion of a 
simple leaf of L(T_) is defined similarly. 

Proposition 8.14. The following hold: 

(1) Lef X £ <9-F/v "5* = ^(^0- TTiera dcg(S') = 2 if and only if there exists 
Y £ dFff such that {X, Y) is a simple leaf of L(T+) or of L(TJ) (and these 
two possibilities are mutually exclusive) . 

(2) The set of points of degree-2 in dM$ is uncountable; since G is countable, 
this also means that there are uncountably many G-orbits of points of degree- 
2 in dAU. 

Proof. Part (1) follows from Corollary 16.51 and from the fact that L(T+) and L(T-) 
do not have any common ends. 

For part (2), note that the laminations L{T + ) and L(T_) are uncountable. In 
fact, it is the case that their sublaminations Leth^^ 1 ) are uncountable. It is also 
known, and can be seen, for example, from the main results of |35j giving explicit 
description of non-simple leaves of L(T + ) and L(TJ) that each of these laminations 
has only countably many non-simple leaves. Alternatively, the same conclusion 
follows from the fact that there are only countably many singular points in <9M$ 
(since all such points are rational and G = M$ is countable) and that each singular 
point S has < 2N ends of L(T±) that are mapped to S by t. 

Therefore each of L(T+) and L{T_) has uncountably many simple leaves. Part 
(2) of the lemma now follows from part (1). 

□ 

We conclude this section with the following observation which we find notewor- 
thy: 

Remark 8.15. There exist natural Fjy-equi variant surjective maps t + : T + — >• 
9M$ and t_ : T_ — > dM$, that behave well with respect to t and the corresponding 
Q-maps. Namely, for any P £ T+ choose any X £ Q _1 (P) (for the map Q : 8Fn — > 
T + ) and put t + (P) :—T(X). Corollary 16.51 implies that r + is well-defined, and it 
is -Fjv-equi variant (for the original -F/v-action on T + and the Fjv-translation action 
on dFpi) by construction. The map r_ is defined similarly. 

9. Open problems 

Problem 9.1. Let N > 3 and let $ £ Aut(-Fjv) be an arbitrary hyperbolic auto- 
morphism (not necessarily an iwip) . Let 1 : dFjq — > <9M$ be the Cannon-Thurston 
map (which is guaranteed to exist by Mitra's result [47]) . 

Is it true that t is finite-to-one? Moreover, is it true that there is a uniform 
upper bound (depending on N but not on <fr) on the size of the fibers of t? Are the 
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singular points in <9M$ necessarily rational? Is the number of -F/v-orbits of singular 
points finite? If yes, is it bounded by a constant depending only on iV? 

Problem 9.2. In [33J we proved that if ip, ip E Out(i<V) are hyperbolic iwips such 
that (ip,ip) < Out(Fjv) is not virtually cyclic then for sufficiently large M > 1 the 
group H = (ip M , ip M ) is free of rank two and every nontrivial element of H is again 
a hyperbolic iwip. Moreover, as proved in |33] (and also follows from the results of 
[6]), if $, ^ E Aut(.Fjv) are representatives of ip, ip then the group 

G M = {FN^sltht- 1 = $ M (», s/is" 1 = y M (h),h E F N ) = F N x F(t,s) 

is word- hyperbolic. Thus the result of [57] applies here and therefore there exists a 
Cannon-Thurston map T: dFjy —> dG ni- 
ls it true that T is finite-to-one in this case? Is it true that the fibers of T have 
size < 2N? 

Mitra's description [IB] of the fibers of T in terms of " ending laminations" A z , 
z E dF(t, s) does apply toT: dF^ -> dGu- However, to answer the above questions 
it is necessary to understand A z where z E dF(t, s) is a non-rational point. 

In Mitra proved the existence of the Cannon-Thurston map for inclusions 
of vertex groups in a word-hyperbolic group G where G splits as the fundamental 
group of a finite graph of groups with hyperbolic vertex and edge groups such that 
edge-monomorphisms are quasi-isometric embeddings. This applies to the general 
case of the Bestvina-Feighn Combination Theorem [4]. However, unlike for the 
case of short exact sequences of hyperbolic groups, no description of the fibers of 
the Cannon-Thurston map is known for this general graph of groups setting. The 
result of |49] applies, for example, to mapping tori of many injective endomorphisms 
<f> : -Fjv Fn that are not surjective. 

Problem 9.3. Let N > 2 and $ : Fn — > Fn be an injective endomorphism with 
&(Fn) S Fn being a proper malnormal subgroup, and such that $ is irreducible 
in the sense of [53]. Then the mapping torus group M$ = (.F/v, t^ht^ 1 — h E 

Fjv) is word-hyperbolic and, by the result of [49] . there exists a Cannon-Thurston 
map 1 : dF^ ^ dM$. Is this map finitc-to-onc? Are the sizes of the fibers of T 
bounded by some constant depending on only on A^? 
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